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a b s t r a c t
Let p be an odd prime and n = (2m + 1)e. Based on the theory of quadratic forms over
finite fields of odd characteristic, we generalize the binary construction by Yu and Gong to
p-ary case. As a result, we obtain a new family F ko (ρ) of p-ary sequences of period p
n − 1
for arbitrary positive integers 1 ≤ ρ ≤ m and k with gcd(n, k) = e. It is shown that, for
a given ρ, F ko (ρ) has family size p
nρ , maximum correlation 1 + p n+(2ρ−1)e2 , and maximum
linear span (m+ 1)n. In particular, the new family F ko (ρ) contains Tang, Udaya, and Fan’s
construction as a subset, if anm-sequence is excluded.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
Pseudorandom sequences with good properties are important for many practical applications, such as code division
multiple access (CDMA) communication systems and cryptography (for background see [1,2]). In CDMA systems, several
users share the same bandwidth, and each user is assigned a distinct spreading sequence. In order to distinguish each other
andminimize interference due to competing and simultaneous traffic across the same channel, the employed sequences are
required tohave lowcorrelation. Large family size is required to support a large number of (intermittent) users, and the larger
size of the sequences, the higher capacity of the system. To resist attacks from the application of the Berlekamp–Massey
algorithm, the sequences should also have large linear span.
During the past four decades, many sequence families with nice properties have been constructed. For the binary
sequence families, see [3–9], for example. For the nonbinary ones, see [10–18], for instance.
In a recent paper [8], Yu and Gong constructed a family So(ρ) of binary sequences of period 2n − 1 with low correlation,
large size, and large linear span, where n is odd, and ρ is an integer with 1 ≤ ρ ≤ n−12 . The family So(ρ) is based on
{trn1(x)}, {trn1(x1+2
1
)}, . . . , {trn1(x1+2
ρ−1
)} and

n−1
2−
i=1
trn1(x
1+2i)

where trn1(x) is the trace mapping from the finite field F2n to the prime field F2.
In this paper, motivated by Yu and Gong’s construction, we extend it to the nonbinary case with a slight modification.
Specifically, for an odd prime p and a positive integer n = (2m+ 1)e, we construct a new family F ko (ρ) of p-ary sequences
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of period pn − 1, where ρ, k are two positive integers with 1 ≤ ρ ≤ m and gcd(n, k) = e. The proposed sequences are
constructed from
{trn1(x)},

trn1

x
1+p2k
2

, . . . ,

trn1

x
1+p2k(ρ−1)
2

and

m−
i=1
trn1(x
1+p2ki
2 )

where trn1(x) is the trace mapping from the finite field Fpn to the prime field Fp. It is shown that, for a given ρ, F
k
o (ρ) has
family size pnρ , maximum correlation magnitude 1+ p n+(2ρ−1)e2 , and maximum linear span (m+ 1)n. In particular, the new
family F ko (ρ) contains Tang et al.’s construction [18] as a subset, if anm-sequence is excluded.
2. Preliminaries
Let p be an odd prime. Let Fpn be the finite field with pn elements and F∗pn , the multiplicative group of Fpn . Let n, e be
positive integers such that n = le, the trace function trne(x) from Fpn to its subfield Fpe is defined by
trne(x) = x+ xp
e + · · · + xp(l−1)e , x ∈ Fpn .
For the properties of the trace function, the reader is referred to [19]. Let q = pe, sometimes, we also denote Fpe as Fq and
Fpn as Fql for convenience. Identifying Fql with the l-dimensional Fq-vector space F
l
q, a function f (x) defined on Fql is called a
quadratic form over Fq if it can be represented as a homogeneous polynomial of degree 2 on F lq. That is,
f (x) = f (x1, . . . , xl) =
l−
i=1
l−
j=1
bijxixj, bij ∈ Fq
where we use a basis of F lq over Fq and then identify x ∈ Fql with a vector (x1, . . . , xl) ∈ F lq. The rank r of the quadratic form
f (x) is determined as the codimension of the Fq-vector space
V = {x ∈ Fql : f (x+ z) = f (z) for all z ∈ Fql}. (1)
More precisely, r = l− dim(V ).
Let u = {u(t)}L−1t=0 and v = {v(t)}L−1t=0 be any two sequences of period L with elements from Fp. The cross correlation
between u and v at a shift τ is defined as
Ru,v(τ ) =
L−1
t=0
ωu(t)−v(t+τ), 0 ≤ τ < L
where ω is a complex primitive pth root of unity. We say that u and v are cyclically distinct if there is no integer τ for which
u(t) = v(t + τ) for all t . Otherwise, we call them cyclically equivalent. It is easy to observe that u and v are cyclically
equivalent if and only if Ru,v(τ ) = L for some τ .
Let F = {{si(t)}L−1t=0 : 1 ≤ i ≤ M} be a family of M pairwise cyclically distinct sequences with elements from Fp. The
maximum correlation magnitude Rmax of F is defined by
Rmax = max{|Rsi,sj(τ )| : either i ≠ j or τ ≠ 0}.
Then, F is said to be a p-ary (N,M, Rmax) signal set or family of sequences.
3. Some lemmas
Henceforth we fix some notations for convenience.
– p: an odd prime;
– n,m, e: integers such that n = (2m+ 1)e;
– k: any positive integer with gcd(n, k) = e;
– q: q = pe;
– γ : a nonsquare in Fq.
Throughout this paper, we let h(x) be a function from Fq2m+1 to Fq such that
h(yx) = yh(x), for any y ∈ Fq.
Let f (x) = h(x2). Then,
f (yx) = h(y2x2) = y2f (x), for any y ∈ Fq.
Thus, f (x) is a quadratic form over Fq [20].
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Basically, the correlation function considered in this paper is heavily related to the following exponential sum of h(x)
Rh =
−
x∈Fpn
ωtr
e
1(h(x)). (2)
Let
R =
−
x∈Fpn
ωtr
e
1(f (x)) +
−
x∈Fpn
ωtr
e
1(γ f (x)). (3)
In [16], Helleseth and Gong established a relationship between Rh and R, that is,
Rh = 12R. (4)
The values of Rh and R can be determined by the following two lemmas, depending on the parity of the rank of f (x).
Lemma 3.1 ([16]). If the rank of f (x) = h(x2) is odd, then Rh = 12R = 0.
Lemma 3.2 ([18]). If the rank of f (x) = h(x2) is even, then
Rh = 12R = ±p
2n−re
2 .
The following lemmas related to the solutions to some equations are useful to prove the main result of this paper.
Lemma 3.3 ([19]). Let L(x) =∑l−1i=0 aixpi be a linearized polynomial over Fpn [x]. For any c ∈ Fpn , the affine polynomial L(x) = c
has either exactly the same number of solutions as the equation L(x) = 0 or no solution.
Lemma 3.4. Let ρ ≥ 1 be an integer. For not all-zero ci ∈ Fpn , 0 ≤ i ≤ ρ − 1, and any given c ∈ Fpn , the equation
A(x) =
ρ−1
i=1
(cixp
2ki + cpn−2kii xp
n−2ki
)+ c0x+ c
has at most p2(ρ−1)e solutions in Fpn .
Proof. Let
L(x) =
ρ−1
i=1
(cixp
2ki + cpn−2kii xp
n−2ki
)+ c0x.
Then L(x) is not a constant linearized polynomial over Fpn [x], and A(x) = 0 if and only if L(x) = −c. According to Lemma 3.3,
it is only necessary to prove that L(x) has at most p2(ρ−1)e roots in Fpn . Let H(x) = (L(x))p2k(ρ−1) . Then,
H(x) =
ρ−1
i=1
(cp
2k(ρ−1)
i x
p2k(ρ−1+i) + cp2k(ρ−1−i)i xp
2k(ρ−1−i)
)+ cp2k(ρ−1)0 xp
2k(ρ−1)
.
Clearly, L(x) has the same number of roots in Fpn as H(x). Fix an algebraic closure F∞ of Fp, then all roots of H(x) form a
vector space over Fp2k of dimension≤2(ρ−1) since its degree is at most p2k(2ρ−2). Since gcd(n, 2k) = e, it is straightforward
(see [11], Lemma 4) to verify that elements in Fpn that are linearly independent over Fpe are also linearly independent over
Fp2k . Therefore, the roots of H(x) in Fpn form a vector space over Fpe of dimension at most 2(ρ − 1). This completes the
proof. 
4. New result
In this section, we present the new p-ary sequence families and determine their parameters.
Definition 4.1. Let n,m, k, e be integers defined as before. Let 1 ≤ ρ ≤ m be an integer, and α be a primitive element of
Fpn . A family F ko (ρ) of p-ary sequences is defined by
F ko (ρ) = {sλ = {sλ(t)}p
n−2
t=0 : λ = (λ0, λ1, . . . , λρ−1) ∈ Fρpn} (5)
where, for each 0 ≤ t ≤ qn − 2,
sλ(t) = trn1(λ0αt)+
ρ−1
i=1
trn1(λiα
1+p2ki
2 t)+
m−
i=1
trn1(α
1+p2ki
2 t). (6)
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Table 1
The linear span distribution of the sequences in F ko (ρ).
Linear Span Number of sequences
(m+ 1)n (pn − 1)ρ
mn

ρ
1
 · (pn − 1)ρ−1
(m− 1)n  ρ2  · (pn − 1)ρ−2
.
.
.
.
.
.
(m+ 1− ρ)n 1
Remark 4.1. The set S = F ko (1) ∪ {{trn1(αt)}p
n−2
t=0 } is exactly the sequence family constructed by Tang et al. [18]. Thus, the
sequence family F ko (ρ) contains S as a subset for each 1 ≤ ρ ≤ m, if them-sequence {trn1(αt)}p
n−2
t=0 is excluded from S.
The following two theorems are the main results of this paper.
Theorem 4.1. For a given ρ , the linear span of the sequences in F ko (ρ) has the distribution listed in Table 1.
Proof. Let sλ defined by (6) be any sequence in F ko (ρ). Then, the trace representation of sλ is given by
sλ(x) = trn1(λ0x)+
ρ−1
i=1
trn1(λix
1+p2ki
2 )+
m−
i=1
trn1(x
1+p2ki
2 )
= trn1(ϵ0x)+
ρ−1
i=1
trn1(ϵix
1+p2ki
2 )+
m−
i=ρ
trn1(x
1+p2ki
2 )
where ϵ0 = λ0 and ϵi = 1+ λi for 1 ≤ i ≤ ρ − 1. By a straightforward application of the results in [21], the linear span of
sλ is completely determined by the number of nonzero ϵi’s in (ϵ0, ϵ1, . . . , ϵρ−1). Specifically, if there are l ϵi’s equal to zero,
then the linear span of corresponding sλ, say LSl, is
LSl = (ρ − l)n+ (m+ 1− ρ)n = (m+ 1− l)n, 0 ≤ l ≤ ρ.
Note that as (λ0, λ1, . . . , λρ−1) ranges over F
ρ
p , so does (ϵ0, ϵ1, . . . , ϵρ−1). Thus, there are

ρ
l
 · (pn − 1)ρ−l sequences in
F ko (ρ) having linear span LSl, which leads to the linear span distribution listed in Table 1. 
Theorem 4.2. The sequence set F ko (ρ) defined by (5) contains p
nρ cyclically distinct sequences of period pn − 1. The maximum
correlation magnitude of F ko (ρ) is 1+ p
n+(2ρ−1)e
2 . Therefore, F ko (ρ) is a (p
n − 1, pnρ, 1+ p n+(2ρ−1)e2 ) signal set.
Proof. Clearly, F ko (ρ) contains p
nρ sequences. Let sλ and sθ , λ = (λ0, λ1, . . . , λρ−1), θ = (θ0, θ1, . . . , θρ−1), be any two
sequences in F ko (ρ). The cross correlation between sλ and sθ at a shift τ is
Rsλ,sθ (τ ) = −1+ Rh (7)
where Rh is given by (2) for
h(x) = trne(η0x)+
ρ−1
i=1
trne(ηix
1+p2ki
2 )+
m−
i=1
trne(x
1+p2ki
2 )−
m−
i=1
trne(δ
1+p2ki
2 x
1+p2ki
2 )
where δ = ατ , η0 = λ0 − δθ0, and ηi = λi − δ 1+p
2ki
2 θi, 1 ≤ i ≤ ρ − 1. Let f (x) = h(x2). Then,
f (x) = trne(η0x2)+
ρ−1
i=1
trne(ηix
1+p2ki)+
m−
i=1
trne(x
1+p2ki)−
m−
i=1
trne(δ
1+p2ki
2 x1+p
2ki
).
Clearly, f (x) is a quadratic form over Fpe . Note that δ ∈ F∗pn could be expressed as δ = ζy2 where ζ = 1 or ζ = γ for a
specific element y ∈ Fpn . Thus, f (x) can be rewritten as
f (x) = trne(η0x2)+
ρ−1
i=1
trne(ηix
1+p2ki)+
m−
i=1
trne(x
1+p2ki)− ζ
m−
i=1
trne((yx)
1+p2ki).
Now, we investigate the rank of the quadratic form f (x). To the end, it is sufficient to determine the number of the solutions
x ∈ Fpn such that
f (x+ z) = f (z), for all z ∈ Fpn
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which is equivalent to
trne(z(A(x)))+
1
2
trne(x(A(x))) = 0, for all z ∈ Fpn (8)
where
A(x) =
ρ−1
i=1
(ηixp
2ki + ηpn−2kii xp
n−2ki
)+ (2η0 + ζy2 − 1)x+ trne(x)− ζytrne(yx).
Thus, (8) holds if and only if
A(x) = 0. (9)
Finally, we distinguish the following two cases to discuss the correlation function Rsλ,sθ (τ ):
Case 1. 2η0 + ζy2 − 1 = 0 and ηi = 0 for all 1 ≤ i ≤ ρ − 1.
In this case, (9) becomes trne(x) = ζytrne(yx), obviously, y ∈ Fpe , and then trne(x) = ζy2trne(x). If ζy2 = 1 (i.e., δ = 1), we
have η0 = 0, and then get the trivial correlation−1 + pn. Otherwise, it follows that trne(x) = 0, which implies (9) has pn−e
solutions and consequently the rank of f (x) is 1. By (7) and Lemma 3.1, immediately, Rsλ,sθ (τ ) = −1.
Case 2. 2η0 + ζy2 − 1 ≠ 0 or ηi ≠ 0 for at least one 1 ≤ i ≤ ρ − 1.
Let
L(x) =
ρ−1
i=1
(ηixp
2ki + ηpn−2kii xp
n−2ki
)+ (2η0 + ζy2 − 1)x.
Then L(x) is not a constant polynomial of x and A(x) = L(x) + trne(x) − ζy2trne(yx). Let a = trne(x), b = trne(yx), and
Ba,b(x) = L(x) + a − ζyb. For any fixed pair of (a, b) ∈ F 2pe , it follows from Lemma 3.3 that the affine polynomial Ba,b(x)
has at most p2(ρ−1)e roots. Therefore, A(x) = 0 has at most p2e · p2(ρ−1)e = p2ρe roots in Fpn . Thus, the rank of f (x) is at least
2m+1−2ρ. If the rank of f (x) is odd, Rsλ,sθ (τ ) = −1 by (7) and Lemma 3.1. Otherwise, applying Lemma 3.2, Rsλ,sθ (τ ) takes
value from the set {−1± p n+e2 ,−1± p n+3e2 , . . . ,−1± p n+(2ρ−1)e2 }.
Based on above analysis, it has been shown that the nontrivial correlation of any two sequences in F ko (ρ) takes values
from the set {−1,−1± p n+e2 ,−1± p n+3e2 , . . . ,−1± p n+(2ρ−1)e2 }, which implies that all the sequences in F ko (ρ) are pairwise
cyclically distinct. Thus F ko (ρ) is a (p
n − 1, pnρ, 1+ p n+(2ρ−1)e2 ) signal set. 
Remark 4.2. There are some fundamental limits on how low the correlation can be for a family of sequences. For example,
the well-known Welch bound [22] provides a lower bound on the maximum magnitude Rmax. For a general set of Mp-ary
sequences of period N withM ≥ N , the Welch bound states that Rmax >∼
√
N and this bound varies slowly with the family
size M . When M = N + 1, there are many examples of sequences meeting the Welch bound [10,13,17]. However as the
family size increases beyond N + 1, families of sequences meeting Rmax ≈
√
N have not been reported up until now.
Although the proposed construction cannot generate sequence families meeting the Welch bound, it offers a design
flexibility in terms of choosing large size and low correlations. In practical applications, we can choose a proper value ρ and
the corresponding family F ko (ρ) according to the different requirements. For example, a small value of ρ will be chosen if
low correlation is more crucial than large family size, and a large value of ρ will be chosen otherwise.
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